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§1.1 �­È©��'K9Cþ�é¡5¯K

1. �4«� D : x2 + y2 6 y, x > 0. f(x, y) � D þ�ëY¼ê, �

f(x, y) =
√
1− x2 − y2 − 8

π

x

D

f(u, v)dudv,

¦ f(x, y).

2. (1)(ÖþP390 1ÊKaq )� φ(x) ´«m [0, 1] þ���ëY¼ê, a � b �?¿~ê,

«� D = {(x, y)|0 6 x, y 6 1}, K
s
D
aφ(x)+bφ(y)
φ(x)+φ(y) dxdy = ( )

A. a; B. b; C. a+ b; D.
1

2
(a+ b).

(2) � D : x2 + y2 6 1, f(x, y) 3 D þëY.

¦y: x

D

f(x, y)dxdy =
x

D

f(y, x)dxdy;

Á¦ x

D

(sin2 x+ cos2 y)dxdy.

(3) O�

I =

∫ 1

0

dx

∫ 2−x

1−x
e(x+y)

2

(sin2 x+ cos2 y)dy +

∫ 2

1

dx

∫ 2−x

0

e(x+y)
2

(sin2 x+ cos2 y)dy.

§1.2 ��­È©k'�4�¯K

3. ¦

lim
n→∞

π

2n4

n∑
i=1

n∑
j=1

i2 sin
jπ

2n
.

4. (1)O�

lim
n→∞

n∑
i=1

2n∑
j=1

2

n2
[
2i+ j

n
],

ùp [x] ´Ø�L x ����ê.

(2)¦ limt→0+
1
t6

∫ t
0
dx
∫ t
x
sin(xy)2dy.

5. �¼ê f(x) ��, � f(0) = 0, f ′(0) = 1, q�²¡«� D : x2 + y2 6 t2, ¦

lim
t→0+

1

t3

x

D

f(
√
x2 + y2)dσ.

6. �¼ê f(x, y) 3ü ��þkëY� �ê, �3>.þ��ð�". y²:

f(0, 0) = lim
ε→0+

−1
2π

x

D

xf
′

x + yf
′

y

x2 + y2
dxdy,

Ù¥: D ��� ε2 6 x2 + y2 6 1.

1
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§1.3 ��È©gS–=´�­È©O���Ü©

`²: �È¼ê f(x, y)¥¹ e±x
2

, sinx2, cosx2, e±
1
x , sin 1

x , cos
1
x ,

1

ln x
, sin x

x , cos x
x ��­È

©, ��ké y È©, �é x È©; é¹Cþ y �aq¼ê��/Kké x È©, �é y È©.

7. O�

I =

∫ 1
2

1
4

dy

∫ √y
1
2

e
y
x dx+

∫ 1

1
2

dy

∫ √y
y

e
y
x dx.

8. O�
∫ 1

0
tdt
∫ 1

t
e(

t
x )

2

dx.

9. (1) �¼ê f(x, y) ëY, �
∫ 0

−1 dx
∫√1−x2

x+1
f(x, y)dy =

∫ b
a

∫ d
c
f(r cos θ, r sin θ)rdr, K

a, b c, d ��� ( )

A. a =
π

2
, b = π, c =

1

sin θ + cos θ
, d = 1; B. a =

π

2
, b = π, c =

1

sin θ − cos θ
, d = 1;

C. a = 0, b =
π

2
, c = sin θ + cos θ, d = 1; D. a = 0, b =

π

2
, c = sin θ − cos θ, d = 1.

(2) � f(x) =

x, 0 6 x 6 1,
√
2x− x2, 1 6 x 6 2,

���gÈ©
∫ 1

0
dy
∫ 1+
√

1−y2
y

f(y)dx �gS, ¿¦

È©��.

10. \gÈ©
∫ π

2

0
dθ
∫ cos θ

0
f(r cos θ, r sin θ)rdr �±�¤ ( )

A.

∫ 1

0

dy

∫ √y−y2
0

f(x, y)dx; B.

∫ 1

0

dy

∫ √1−y2

0

f(x, y)dx;

C.

∫ 1

0

dx

∫ 1

0

f(x, y)dy; D.

∫ 1

0

dx

∫ √x−x2

0

f(x, y)dx.

11. (1) ò�­È©

I =

∫ 2

1

dx

∫ √2x−x2

2−x
f(x, y)dy

C�È©gS.

(2)O�

I =

∫ a sinφ

0

e−y
2

dy

∫ √b2−y2
√
a2−y2

e−x
2

dx+

∫ b sinφ

a sinφ

e−y
2

dy

∫ √b2−y2
y cotφ

e−x
2

dx,

Ù¥ 0 < a < b, 0 < φ < π
2 , � a, b, φ þ�~ê.

12. O�e�È©:

(1)
∫ 1

0
xb−xa

ln x
dx, Ù¥ a, b �~ê� 0 < a < b;

(2)
s
D
e−y

2

dxdy, Ù¥ D ��� y = x �­� y = x
1
3 �¤�k.4«�.

§1.4 �È¼ê�Ûó5�È©«��é¡5

13. (1) � D ´ xoy ²¡þ±: (1, 1), (−1, 1), (−1,−1) �º:�n�/«�, D1 ´ D 3

1���Ü©, K
s
D
(xy + cosx sin y)dxdy = ( )

A. 2
x

D1

xydxdy; B. 2
x

D1

cosx sin ydxdy;

C. 4
x

D1

(xy + cosx sin y)dxdy; D. 0.
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(2)� D �dò� |x| + |y| = 1 ¤�¤�«�, D1, D2, D4 � D 31 1, 2, 4��Ü©,

K
s
D
e−(x

2+y)dxdy = ( )

A. 4
x

D1

e−(x
2+y)dxdy; B. 4

x

D4

e−(x
2+y)dxdy;

C. 2
x

D1+D2

e−(x
2+y)dxdy; D. 2

x

D1+D4

e−(x
2+y)dxdy.

(3) Á¦�gÈ© ∫ 1

−1
dx

∫ 2−|x|

x

(
e|y| + sin(x3y3)

)
dy.

§1.5 ©ã¼ê�È©

14. (1) O�

I =
x

D

|sin(x+ y)|dxdy,

Ù¥«� D �: 0 6 x 6 π, 0 6 y 6 2π.

(2) �¼êf(x) =

x, 0 6 x 6 2,

0, other,
Á¦�­È©

x

D

f(x+ y)

f(
√
x2 + y2)

dxdy, Ù¥ D = {(x, y)|x2 + y2 6 4}.

15. (1)O�

I =
x

x2+y262

|x+ y − x2 − y2|dxdy.

(2)®� D = {(x, y) | (x− 1)2 + y2 = 1}, O��­È©
x

D

|
√
x2 + y2 − 1|dxdy.

16. (1)�Lüg: � f(x, y) = maxD{x, y}, D = {(x, y) | 0 6 x 6 1, 0 6 y 6 1}, O�

I =
x

D

f(x, y)|y − x2|dxdy.

(2)¦ x

D

(x+ y)sgn(x− y)dxdy,

Ù¥ D = [0, 1]× [0, 1].

17. b�¼ê f(x, y)÷v: � x2+y2 > 1� x > 0�k f(x, y) = arctan y
x ;ÄK f(x, y) = 0.

¦ x

D

f(x, y)dxdy,

Ù¥ D = {(x, y)|x2 + y2 6 2y}.
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§1.6 �­È©�y²K

18. ���¼ê f(x) 34«m [a, b] þëY,
∫ b
a
f(x)dx = A, y²:∫ b

a

f(x)ef(x)dx

∫ b

a

1

f(x)
dx > (b− a)(b− a+A).

19. �«� D = {(x, y)|0 6 x 6 2, 0 6 y 6 2}, ¼ê f(x, y) 3«� D þëY�
s
D
f(x, y)dxdy = 0,

s
D
xyf(x, y)dxdy = 1, y²: �3 (ξ, η) ∈ D, ¦�

|f(ξ, η)|
x

D

|xy − 1|dxdy > 1.

§1.7 �­È©�O�

20. ÁO��­È© x

D

(
x2 + xy

)2
dxdy,

Ù¥ D � {(x, y)|x2 + y2 6 2x}.
21. O�

x

D

(x+ y)ln (1 + y
x )√

1− x− y
dxdy,

Ù¥«� D ��� x+ y = 1 �ü�I¶¤�¤�n�/«�.

22. O� x

R2

e
− x

2−2ρxy+y2

2(1−ρ2) dxdy,

Ù¥ 0 6 ρ < 1.

23. O� x

D

1 + xy

1 + x2 + y2
dxdy,

Ù¥ D ´ x2 + y2 = 1 � x > 0 ¤�¤�Ü©.

24. ¦ x

D

1

(x2 + y2)2
dxdy,

Ù¥ D ´ x2 + y2 = 2x S� x > 1 �Ü©.

25. ®� D = {(x, y) | (x− 1)2 + y2 = 1}, O��­È©
x

D

|
√
x2 + y2 − 1|dxdy.

26. O��­È©
x

D

(x− y)2

x2 + y2
dxdy,

Ù¥«� D � y = x+ 2 � y =
√
4− x2 ±9 x ¶¤�¤�«�.

27. � f(x) ëY��, a > 0, ¦∫ a

0

dx

∫ x

0

f ′(y)√
(a− x)(x− y)

dy.
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§1.8 �Y

1.

f(x, y) =
√

1− x2 − y2 − 4

3π
(
π

2
− 2

3
);

2. (1) D; (2) π; (3) e4−e
2 ; 3. 1

3 ; 4.(1)6;(2)1/18; 5. 2π/3; 7. 3
8e−

1
2

√
e; 8. e−1

6 ; 9. (1) B; (2) 1; 10.

D;

11. (1)

I =

∫ 1

0

dx

∫ 1+
√

1−y2

2−y
f(x, y)dy;

(2) e−a
2
−e−b

2

2 φ; 12. (1) ln 1+b
1+a ; (2) 1/e; 13. (1)B; (2)D; (3) 2(e2 − e − 1); 14. (1) 4π; (2)

4(
√
2− 1) + 2

√
2ln (1 +

√
2); 15. (1) 9π4 ; (2)3

√
3− π

9 −
32
9 ; 16. (1) 1140 ; (2) 0; 17.

π2

18 +
√
3

24 π + 3
8 ; 20.

35π/12; 21. 16
15 ; 22. 2π

√
1− ρ2; 23. π

2 ln 2; 24.
π
8 ; 25. 3

√
3− π

9 −
32
9 ; 26. 2π− 2; 27 π(f(a)− f(0)).


